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Gaussian Processes for Regression

@ Bayesian regression problem — given a dataset D = {x,,, 3, }_,
@ Want to learn the latent function f this data comes from.

3
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Gaussian Processes for Regression

@ Bayesian regression problem — given a dataset D = {x,,, 3, }_,
@ Want to learn the latent function f this data comes from.
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@ Gaussian process is a prior over functions f(x)

p(D|f(z))p(f())
p(D) '

p(f(®)|D) =
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Gaussian Processes for Regression

@ Gaussian process marginal posterior mean and errorbars:
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Gaussian Processes for Regression

@ Gaussian process marginal posterior mean and errorbars:

@ Belief about smoothness and lengthscale of f(x) expressed via the
covariance function C(z,x').
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Gaussian Processes for Regression
Predictions and Hyperparameters

@ For a “vanilla GP"” the marginal predictive distribution for an unseen
input «* is Gaussian

p(y*|e*, D) = N (p*,v*),
pr= kLijlyN
v* = C(z*,z*) — kyClkn
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Gaussian Processes for Regression
Predictions and Hyperparameters

@ For a “vanilla GP"” the marginal predictive distribution for an unseen
input «* is Gaussian

p(y*|lz*, D) = N (u*,v"),
wr=kNCylyy
v* = C(z*,z*) — kyClkn

@ Hyperparameters 6 can be optimized via LML

1 1 _ N
L£(®) =—5In|Cn(O)| - 5y]TV(JNl(a)yN - 5 n2m.
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Gaussian Processes for Regression
The Covariance Function

@ Covariance function C(x, ') to model how targets at inputs =, =’
co-vary.

@ A popular choice

o — /|

12 + 02000

C(z,z') = Cy exp | 0.5

with hyperparameters Cy, [, o
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Gaussian Processes for Regression
The Covariance Function

@ Covariance function C(x, ') to model how targets at inputs =, =’
co-vary.

@ A popular choice

o — '|

C(z,x') = Cyexp [ —0.5 2

+ 0'26:1:,:13’

with hyperparameters Cy, [, o

@ Covariance functions that only depend on the distance between inputs
are called stationary.
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Gaussian Processes for Regression
Stationarity vs Nonstationarity

Stationary covariance functions

@ Stationary covariances yield intuitive interpretation
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Gaussian Processes for Regression
Stationarity vs Nonstationarity

Stationary covariance functions
@ Stationary covariances yield intuitive interpretation

e But

Strong assumption
Do real data look like this ?
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Gaussian Processes for Regression
Stationarity vs Nonstationarity

Stationary covariance functions
@ Stationary covariances yield intuitive interpretation

e But

Strong assumption
Do real data look like this ?

Predefined nonstationariy covariance functions

@ We could specify a nonstationary C(x,x’) a priori
e But

Nonintuitive and difficult task
We are still making strong assumptions

Learn nonstationarity
@ Introduce additional latent spaces
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Latent space extensions of stationary covariances

C(z,x’') = Cy exp <—0.5 (:I;—a:')TW(:c—cc')> + 020
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Latent space extensions of stationary covariances

C(z,x') = Cy exp (—0.5 (:z:—cc')T-(cc—a:')) + 020

@ Variable lengthscale, spatial deformations -
(Schmidt & O'Hagan, 2003)
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Latent space extensions of stationary covariances

C(z,x') = Cy exp <—O.5 (a:—a:’)T-(a:—:c')> + -(593@/

@ Variable lengthscale, spatial deformations -
(Schmidt & O'Hagan, 2003)

@ Input dependent observation noise -
(Goldberg et al., 1998)
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Latent space extensions of stationary covariances

Clz,x') = - exp (—0.5 (a:—cc')T-(cc—a:')> + .5:,3’:,3/

@ Variable lengthscale, spatial deformations -
(Schmidt & O'Hagan, 2003)

@ Input dependent observation noise -
(Goldberg et al., 1998)

@ Nonstationary amplitude variations -
(Turner & Sahani, 2008)
This work
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Outline

© Gaussian Process Product Model
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The Gaussian Process Product Model
Varying Amplitudes

@ Model data as pointwise product of two latent functions to achieve
nonstationary amplitude

Yn ~ N(f(mn)eg(wn)v 02)'
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The Gaussian Process Product Model
Varying Amplitudes
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f(=) and g(x).
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The Gaussian Process Product Model
Varying Amplitudes

@ Model data as pointwise product of two latent functions to achieve
nonstationary amplitude

Yn ~ N(f(a:n)eg(mn)v 02)'

@ Place independent zero-mean Gaussian process priors on
f(=) and g(x).
@ Exponentiation of g(x) to reduce multimodality -
» For N data there would be at least 2 modes due to sign flips.
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The Gaussian Process Product Model

Graphical model
o Convention - ~\

f(x) ~GP(0,Cs(,-),05) @
with hyperparameters to
capture near-stationary @ @
variations,

g(z) ~GP(0, Cg('a ')799) 1

to capture slowy-varying @
amplitude nonstationarity.

Data n: 1..N )

R. P. Adams and O. Stegle Gaussian Process Product Models for Nonparametric Nonstationarity ICML 2008 11 /30



The Gaussian Process Product Model
Samples from the model

Shorter lengthscale (I, = 2.0,1; = 0.25)
10

-5
-10-
]
-5 -4 -3 -2 -1 0 1 2 3 4 5
y =f*exp(q) f g
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The Gaussian Process Product Model
Samples from the model

Short lengthscale (I, = 2.0,y = 0.5 noisy)

]
-5 -4 -3 -2 -1 0 1 2 3 4 5
y =f* exp(g) f 9
[m] [ =
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Outline

© Inference
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GPPM posterior

Joint posterior on f and g

p(f,9|D,0) x N(f; 0,Cy) x N(g; 0,Cy)

><_

o = = =
R. P. Adams and O. Stegle Gaussian Process Product Models for Nonparametric Nonstationarity

D
ICML 2008 15 /30



GPPM posterior

Joint posterior on f and g
@ GP Prior on f

p(f,9|D,0) x N(f; 0,Cy) x N(g; 0,Cy)
< TIL N @i fue, %)

o = = =
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GPPM posterior

Joint posterior on f and g
@ GP Prior on f
@ GP Prioron g

p(f,9|D,0) x N(f; 0,Cy) x N(g; 0,Cy)

><_
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GPPM posterior

Joint posterior on f and g
@ GP Prior on f
@ GP Prioron g

p(f,9|D,0) x N(f; 0,Cy) x N(g; 0,Cy)

><_

@ Likelihood term for data y.
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GPPM posterior

Joint posterior on f and g
@ GP Prior on f
@ GP Prioron g

p(f,9|D,0) x N(f; 0,Cy) x N(g; 0,Cy)

><_

@ Likelihood term for data y.

@ Intractable posterior.
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Approximate Inference

Choice of Approximation
@ We expect posterior to be near-Gaussian.
@ Likelihood factorizes to IV independent terms.

@ The likelihood introduces nontrivial dependences between f and g
such that a factorized approximation is inappropriate.
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Approximate Inference

Choice of Approximation
@ We expect posterior to be near-Gaussian.
@ Likelihood factorizes to IV independent terms.

@ The likelihood introduces nontrivial dependences between f and g
such that a factorized approximation is inappropriate.

Expectation Propagation

@ A variational approximation.

@ Well suited for such factorized likelihoods.
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EP in a nutshell
(Minka, 2001)

@ EP approximates a posterior of the form

P(0|D) x P(0 HpD 6),

with a tractable alternative with approximate likelihood terms

Q(8/D) o P(6 an
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EP in a nutshell
(Minka, 2001)

@ EP approximates a posterior of the form

P(0|D) x P(0 HpD 6),

with a tractable alternative with approximate likelihood terms

Q(0|D) x P(6 an

@ ¢,(0) updated iteratively by minimizing a divergence measure

exact factor

L P®) [T a6) x P10 ||P(@) [Ta(6) < au(6)

i#n i#n

approximation

R. P. Adams and O. Stegle Gaussian Process Product Models for Nonparametric Nonstationarity ICML 2008 17 / 30



EP in a nutshell
(Minka, 2001)

@ EP approximates a posterior of the form

P(0|D) x P(0 HpD 6),

with a tractable alternative with approximate likelihood terms

Q(0|D) x P(6 an

@ ¢,(0) updated iteratively by minimizing a divergence measure

exact factor

L[P(0>gqi<0> « P(DnI6) ||P<0>gqi<o> g w _o

e Equivalent to moment-matching.
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EP in the GPPM model

@ Approximate posterior for GPPM

N
4(f,g|D,0) x N(f; 0,Cy) x N(g; 0,Cy) [ tnlfn: gn),
n=1
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EP in the GPPM model

@ Approximate posterior for GPPM

N
q(£,91D.60) x N(0,Zcp) [ tn(fn> 9n):
n=1

@ Xcp is the joint prior covariance

Cc; 0
sz:[Of C].
g
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EP in the GPPM model

@ Approximate posterior for GPPM

N
q(£,91D.60) x N(0,Zcp) [ tn(fn> 9n):
n=1

@ Xcp is the joint prior covariance

Cc; 0
sz:[Of C].
g9

@ t,(-,-) are local Gaussian approximations of the n-th likelihood term:

En(fnagn) = ZnN(fnagn; lmezn) ~ N(?Jn, fnegn7 02)
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EP in the GPPM model

@ Approximate posterior for GPPM

N
q(£,91D.60) x N(0,Zcp) [ tn(fn> 9n):
n=1

@ Xcp is the joint prior covariance

Cc; 0
sz:[Of C].
g

@ t,(-,-) are local Gaussian approximations of the n-th likelihood term:

En(fnvgn) = ./\/(fn,gn; -a -) ~ N (Yn; fre, 02)

» Parameters updated by moment-matching.
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EP in the GPPM model

Covariance structure of the approximation

Cy ‘
X

Prior

Approximate Likelihood

Global Approximation
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EP in the GPPM model

Covariance structure of the approximation

SN

Prior Approximate Likelihood Global Approximation

A few more details

o Calculation of moments not tractable.
We use 2D Gaussian quadrature for numerical moment calculation.

@ Approximately 10 EP iterations are sufficient.
@ Scheme is practical up to about 1,000 data points.

R. P. Adams and O. Stegle Gaussian Process Product Models for Nonparametric Nonstationarity ICML 2008 19 / 30



EP in the GPPM model

Optimizing Hyperparameters

@ We have to choose hyperparameters for two latent GPs and the
likelihood: lengthscales, observation noise.

o Ideally use the marginal likelihood Z = P(0|D).
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EP in the GPPM model

Optimizing Hyperparameters

@ We have to choose hyperparameters for two latent GPs and the
likelihood: lengthscales, observation noise.

o Ideally use the marginal likelihood Z = P(0|D).

@ EP provides an approximation:

ZoN (Fr, Gn; tins 2n) = N (yn; fre™, o?)
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EP in the GPPM model

Optimizing Hyperparameters

@ We have to choose hyperparameters for two latent GPs and the
likelihood: lengthscales, observation noise.

o Ideally use the marginal likelihood Z = P(0|D).

@ EP provides an approximation:

BN (fos n: s En) = N (Yn; fae, 02)

@ “zeroth moment".
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EP in the GPPM model

Optimizing Hyperparameters

@ Global Approximation /\

IWZgp= |8+ ipu"S p
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EP in the GPPM model

Optimizing Hyperparameters

@ Global Approximation /\
InZpp= t |8+ p"Sp

@ GP prior
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EP in the GPPM model

Optimizing Hyperparameters

@ Global Approximation /\
InZpp= t |8+ p"Sp
= Lin|> - N o InZ
2 GP| + Zn—l n Zip,

@ GP prior

o Local (likelihood) approximations
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EP in the GPPM model

Optimizing Hyperparameters

@ Global Approximation /\

InZpp= il |Z[+iu"="1p
~ Llin|Sep| — TS N nZ
D) GP 2“ 124 + Zn:l 1 Ly
@ GP prior

o Local (likelihood) approximations

@ “Zeroth moments”

R. P. Adams and O. Stegle Gaussian Process Product Models for Nonparametric Nonstationarity ICML 2008 21 /30



EP in the GPPM model

Making predictions

e Joint predictive distribution on p(f*, g*|x*) from EP approximation.

e Given N(f*,g*; u*,X*), two approximations for the predictive
distribution on y*:
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EP in the GPPM model

Making predictions

e Joint predictive distribution on p(f*, g*|x*) from EP approximation.

e Given N(f*,g*; u*,X*), two approximations for the predictive
distribution on y*:

@ Mixture of Gaussians

> Generate samples from g*
» Use conditional distribution on f* to create a mixture of Gaussians

py* |&*, D)~ Y Ny i, v51g,€%).
7

» Appropriately heavy-tailed
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EP in the GPPM model

Making predictions

e Joint predictive distribution on p(f*, g*|x*) from EP approximation.

e Given N(f*, g*; u*,X*), two approximations for the predictive
distribution on y*:

@ Mixture of Gaussians

> Generate samples from g*
» Use conditional distribution on f* to create a mixture of Gaussians

py* |&*, D)~ Y Ny i, v51g,€%).
7

» Appropriately heavy-tailed
@ Linearization

» Linearize around the mean.
> p(y*) is Gaussian again.
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Outline

© Results
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Results

@ Comparison of 3 models

> Vanilla GP
> Sparse Gaussian Process; pseudo inputs (Snelson & Ghahramani, 2006)
» GPPM

@ Evaluation on 3 datasets

» Motorcycle helmet data
» SP500 Log Daily Returns
> Heart rate data

@ Hyperparameters

» GPPM: optimization via grid search
» SPGP, GP: ML-II
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Motorcycle Helmet Data

Classical example of nonstationarity

15
EP Posterior g(x)

EP Posterior f(x)*exp(g(x)) ‘

0 10 20 30 40 50
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Motorcycle Helmet Data

Classical example of nonstationarity
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SP500 Log Daily Returns

L EP Posterior g(x)

0
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4/EP Posterior f(x)*exp(g(x))
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1 Ep Posterior g(x)

SP500 Log Daily Returns :

4 EP Posterior f(x)*exp(g(x)) |

+ e
2 = g et
+ + - G4 e T
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Heart Rate Data

EP Posterior g(x)

15

EP Posterior f(x)*exp(g(x))
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Heart Rate Data

[EP Posterior g(x)

[EP Posterior f(x)*exp(g(x))

) o LS b
o 1h 2h 3h an 5h ‘
-3
= MLP
) = — —
-5
-6
151
MSE
10
5
0.1 0.5 0.6
Fraction of missing Data
GPPM
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Summary

@ GPPM provides a principled way for GP regression learning smoothly
varying nonstationary amplitude modulations.

@ Expectation Propagation to achieve efficient inference in this model.

@ Future work: refine quadrature-EP to enable gradient based
hyperparameter optimization.
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Summary
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varying nonstationary amplitude modulations.

@ Expectation Propagation to achieve efficient inference in this model.

@ Future work: refine quadrature-EP to enable gradient based
hyperparameter optimization.
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EP in the GPPM model

Making predictions

o Find predictive distribution on output y* for unseen input x*.

@ EP posterior on f, g yields joint Gaussian prediction for latent
functions p(f*, ¢*|D,x*) = N (p*, X¥)

-1
u*=KT(EGP+E) 7

= —1
Z*zm—KT(ZGP—i-Z) K

@ GP Prior

o Local (likelihood) approximations
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